Radiative corrections to the electron recoil-energy spectra and to total cross sections are computed for neutrino-electron scattering by solar neutrinos. Radiative corrections change monotonically the electron recoil spectrum for incident 8 B neutrinos, with the relative probability of observing recoil electrons being reduced by about 4 % at the highest electron energies. For p p and 7 Be neutrinos, the recoil spectra are not a ected signi cantly. Total cross sections for solar neutrino-electron scattering are reduced by about 2 % compared to previously computed values. We also calculate the recoil spectra from 13 N and 15 O neutrinos including radiative corrections.
I. INTRODUCTION
The observation of neutrino-electron scattering, + e ! 0 + e 0 ; (1) is one of the principal techniques used to study solar neutrinos. The Kamiokande experimental team 1] has used the observed energy spectrum of recoiling electrons that results from the reaction indicated in Eq. (1) to show that: (1) the neutrinos originate from the sun since the electrons are predominantly scattered in the forward direction along the earth-sun vector; (2) the ux of 8 B neutrinos is about one half the ux predicted by standard solar models; and (3) the energy spectrum of electron recoils is inconsistent with what is predicted 2{4] on the basis of the adiabatic MSW e ect (but is consistent with the expectations for a non-adiabatic MSW e ect or a large mixing angle solution of the solar neutrino problem).
Four additional solar-neutrino experiments currently under development, SNO 5] , Superkamiokande 6] , ICARUS 7] , and BOREXINO 8] , will also detect electrons scattered by solar neutrinos. The rst three of these new experiments will concentrate on the 8 B solar neutrinos and will measure more accurately (in heavy water, normal water, and argon gas, respectively) and with greatly improved statistics, the total ux of 8 B neutrinos and the energy spectrum of the electron recoils. Because of the large counting rates expected in these new experiments, it will be possible to measure all of the quantities as a function of arrival time of the neutrinos and to look for the seasonal dependence of the neutrino uxes, as well as to search for the day-night e ects that are expected for some regions of MSW parameter space. When combined with the measurement by the SNO experiment of the ux of electron-type 8 B neutrinos, it will be possible to infer constraints on the mixture of avors of the neutrinos observed by the reaction in Eq. (1) since the neutrino-electron scattering cross section depends sensitively upon neutrino avor. BOREXINO, the fourth new experiment listed above, will observe the recoil spectrum of the 0:862 MeV neutrinos produced by electron capture on 7 Be in the solar interior, as well as the 13 N and 15 O solar neutrinos.
Two proposed experiments, HERON (liquid helium used as a bolometer to observe rotons 9]) and HELLAZ (high pressure helium gas used in a time-projection chamber, 10]), will make use of electron-neutrino scattering to observe the low-energy neutrinos created by the fundamental p p reaction, as well as the 7 Be neutrino lines and the 13 N and 15 O neutrinos.
The thresholds in these di erent experiments vary from an electron kinetic energy of about 0.2 MeV (for observations of the p p neutrinos) to above 5 MeV(for observations of the 8 B neutrinos). The maximum energy of interest for neutrinos from solar-fusion reactions is about 19 MeV 11] . In addition, neutrinos from supernovae are potentially observable with energies up to 30 MeV and beyond.
The use of electron-neutrino scattering to study solar neutrinos was rst proposed by Reines and Kropp 12] ; the directionality of the recoil electrons and the shape of the recoil energy spectrum was rst calculated for solar neutrinos by Bahcall 13] using the then-current V A theory of beta-decay. In an early application of the Weinberg-Salam model of weak interactions, 't Hooft 14] calculated the cross sections for neutrino-electron scattering in what has since become known as standard electroweak theory. The results of 't Hooft were used by Bahcall 15] to calculate the total cross sections, the energy spectrum of the electron recoils, and the angular distribution (relative to the earth-sun vector) of the scattered electrons for all solar neutrino sources of interest.
For all of these experiments, it is natural to ask: How will radiative corrections a ect the calculated cross sections that are used to interpret the observations? On dimensional grounds, the corrections are expected to be of the same order of magnitude as the ne structure constant, 1%. However, if the experimental precision is high the corrections may be signi cant. In particular, it is especially important to know if radiative corrections cause an appreciable energy-dependent modi cation of the electron recoil spectrum. Indeed, we recall that a measurement of the shape of the 8 B solar neutrino energy spectrum at the earth is a practical and powerful test of standard electroweak theory, independent of solar models 16] , and that di erent MSW solutions predict characteristic modi cations of the shape of the electron recoil spectrum 2, 3, 11, 17, 18] .
We evaluate the e ects of radiative corrections upon the recoil energy spectrum and the total cross sections for the neutrino sources that are important for the operating and the planned experiments. We adopt the notation and results for electronneutrino scattering that are summarized in references 11, 15] . In particular, we include the one-loop electroweak and QCD corrections to the cross section for the elastic-scattering reaction in Eq. (1) . We also include QED radiative corrections. We calculate the corrections to the elastic-scattering cross section and include for consistency the cross section for the inelastic process + e ! 0 + e 0 + . We assume that this nal-state photon is not detected. This paper is organized as follows. The derivation, by one of us (A.S.), of the formulae describing the radiative corrections is presented in the Appendix. The recoil energy spectra are described in Sec. II and the total scattering cross sections are given in Sec. III. We summarize and discuss the main results in Sec. IV.
II. RECOIL ENERGY SPECTRA
In this Section, we describe the changes in the calculated recoil-energy spectra that result from including radiative corrections and an improved value, 0:2317 19], for the MS parameter sin 2^ W (m Z ). (In references 11, 15] , the value sin 2^ W = 0:23 was used.) The results are presented in a series of gures that give the ratio of probability distributions computed with and without the two improvements, the radiative corrections and the value of sin 2^ W (m Z ). The values for electron (muon or tau) neutrinos are displayed in dark (light) curves. The results are presented as a function of T, the kinetic recoil energy of the electrons.
We recall that the spectrum averaged di erential cross section is given by 11, 15] * d dT
where T is the kinetic energy of the recoil electron, q the neutrino energy, (q) the normalized neutrino spectrum incident at earth, and q min (T) = T + h T(T + 2m e c 2 ) i 1=2 =2 (3) the minimum neutrino energy compatible with T.
The normalized probability, P(T), for observing a recoil electron with kinetic energy between T and T + dT computed from Eq. (2) by including improvements radiative corrections or precise sin 2^ W (m Z )] can be expressed in terms of the probability, P 0 (T), computed without improvements 11, 15] as:
We present in the following subsections (T) versus T for various solar neutrino sources: the 7 Be lines (Sec. II A), the p p neutrinos (Sec. II B), and 8 B neutrinos (Sec. II C).
A. 7 Be Electron Recoil Spectrum Figure 1 shows in the darker lines the changes (caused by including radiative corrections and/or the more precise Weinberg angle) in the spectrum of recoil electrons produced by electron neutrinos from the 0:862 MeV 7 Be neutrino line. The corresponding changes for e scattering are shown in the lighter lines. The solid curves are the ratio|minus unity|of the probability distribution for e scattering obtained using the updated value of sin 2^ W (m Z ) and including radiative corrections to the same probability distribution obtained using an older value of sin 2^ W (m Z ) with no radiative corrections. This ratio gives the net change in the probability distribution that is obtained using the formulae and constants employed in this paper compared to the values that were obtained in refs. 11] and 15]. The net changes are less than 1% over essentially all of the allowed recoil energy range. Because the radiative corrections diverge at the end-point T max (see Appendix A), all spectra in this paper are displayed up to T = 0:99 T max . The singularity in the expression used here is related to the infrared divergence and signals the breakdown of perturbation theory. However, the breakdown appears so close to the end point that it should be of no consequence for any realistic experiment with nite energy resolution.
Since the net changes are produced by two di erent e ects, we also display separately in Figure 1 the e ects due to the inclusion of radiative corrections and to the use of the more precise Weinberg angle. The e ect of changing just sin 2^ W is shown in the dotted curves. The dotted curves are the ratios|minus unity|of the probability distributions that are obtained using sin 2^ W (m Z ) = 0:2317 19] to the probability distributions obtained using the old value of sin 2^ W (m Z ) = 0:23. The dashed curves show the e ects of just including radiative corrections. The dashed curves are the ratios|minus unity|of the probability distributions obtained including radiative corrections to those obtained without radiative corrections.
Each of the two e ects considered here results independently in changes of less than or of order 1% in the relative probability distributions. Table I and Table II give for the 7 Be 0:862 MeV line and the 0:384 MeV line, and for both e e and e scattering, numerical values for the probability distributions that electrons recoil with kinetic energy T.
B. p p Electron Recoil Spectrum Fig. 3 shows results for neutrinos with the energy spectrum 11] characteristic of p p neutrinos. The various curves have the same meaning as in Fig. 1 . For these very low-energy neutrinos, the fractional changes due to radiative corrections and to the use of the more accurate Weinberg angle are also less than and of order 1%. Table III gives, for both e e and e scattering, numerical values for the probability distribution that incident p p neutrinos scatter electrons that recoil with kinetic energy T. C. 8 B Electron Recoil Spectrum Fig. 4 shows that the e ect of radiative corrections is signi cant for the higherenergy neutrinos that originate from 8 B decay. Moreover, the e ect of radiative corrections is monotonic: higher energy neutrinos are suppressed relative to lower energy neutrinos. We have omitted from Fig. 4 the small, less than 0.5 %, di erential e ect of the change in the Weinberg angle that corresponds to the dotted curves in Fig. 1, Fig. 2 , and Fig. 3 .
The di erential e ect of radiative corrections reduces the relative probability of observing recoil electrons by as much as 4 % at the highest recoil energies. The direction of this suppression is opposite in sign to the e ect that is expected from the non-adiabatic MSW solution. The highest energy neutrinos are the least suppressed in the non-adiabatic MSW solution. In addition to the p p and 7 Be neutrinos, there will be neutrinos produced in the CNO cycle from decays of 13 N (E 1:199 MeV) and 15 O (E 1:732 MeV).
Together, these may contribute O(20%) of the neutrino ux in an experiment such as BOREXINO, so it is important to include the recoil spectra from these neutrinos as well. In Table V we present for both e e and e scattering, numerical values for the probability distribution that incident 13 N neutrinos scatter electrons that recoil with kinetic energy T. In Table VI , we present the same for 15 O neutrinos. We include radiative corrections and the updated value for sin 2^ W in this calculation.
In Fig. 5 , we plot the recoil spectra for both electron and muon neutrinos from p p, 7 Be, 13 N, and 15 O neutrinos as a function of electron kinetic energy, T. The spectra are normalized such that the total probability is unity. The dotted curve is the recoil spectrum from 13 N neutrinos and the short-dash curve is that from 15 O neutrinos. The nearly at spectrum which extends to higher energies (the solid curve) is the recoil spectrum from the 0.862-MeV 7 Be line, while that which only extends to lower energies (the dot-dash curve) is that from the 0.384-MeV 7 Be line. The solid curve which extends the highest at the lowest energies (the long-dash curve) is the recoil spectrum from p p neutrinos. The fractional changes in the electron recoil spectra from 13 N and 15 O neutrinos due to radiative corrections and the new value of sin 2^ W are no more than roughly 1%. Fig. 6 shows the total scattering cross sections as a function of neutrino energy; the notation for the di erent curves is the same as in Fig. 1 . For e e scattering, the net decrease in the total cross section is about 2%, essentially independent of energy. For e scattering, there is a net increase in the cross section of about 1.3 % relative to the numerical values given in ref. 11, 15] .
III. TOTAL CROSS SECTIONS
At rst sight, it may seem puzzling that the e ect of the radiative corrections on the total cross sections is essentially independent of energy, while the fractional corrections to the electron recoil spectrum are appreciably energy dependent. The explanation lies in the fact that the radiative corrections manifest themselves in two ways: (1) the QED corrections (described in Appendix B), which are energy dependent, and (2) the electroweak and QCD corrections to the coupling constants g L and g R (described in Appendix A), which are largely energy independent. The corrections to the coupling constants are generally larger and dominate the changes in the total cross sections, producing an almost constant correction to the total cross section. The e ects of the corrections to the coupling constants largely cancel out of the calculation of the shape of the electron recoil spectrum, leaving an energy dependent correction to the recoil spectrum. From the appearance of Fig. 4 , it would seem that the larger corrections to the recoil spectrum at larger recoil energies would have a signi cant impact on the total cross section at large incident neutrino energies. However, the fractional change in the recoil spectrum due to radiative corrections is large only when the recoil spectrum becomes very small (see Fig. 8.2 in ref. 11] and Table IV here).
For many purposes, it is convenient to have available numerical values for neutrinoelectron scattering cross sections at speci c energies. Table VII gives the computed total cross sections for neutrino energies equal to the prominent solar neutrino line energies and to typical energies in the range from 1 MeV to 60 MeV. The tabulated values were determined for T min = 0.0 MeV.
The cross sections given in Table VII can be described approximately by the following relation:
(q) = constant q 10 MeV 10 44 cm 2 ; (5) where the constant is equal to 9.2 for e scattering and 1.6 for scattering.
The recoil spectrum for e e scattering is relatively at. Therefore, for e e scattering, the cross sections given in Table VII can be used to estimate reasonably accurately the cross section for a speci ed minimum recoil electron energy. One simply multiplies the tabulated values by (T max T min ) =T max . This approximation is less appropriate for e scattering, but still will give a useful rst estimate.
In Table VIII , we list the total neutrino-electron scattering cross sections for the neutrino sources we have considered here for both electron and muon neutrinos. These are obtained by convolving the neutrino spectra from each source with the neutrinoelectron scattering cross section. Radiative corrections as well as the updated value of sin 2^ W are included in the calculation.
IV. CONCLUSIONS AND DISCUSSION
For precise solar neutrino-electron scattering experiments, radiative corrections should be taken into account in analyzing the total rates. The dominant e e scattering cross sections are decreased by about 2 % by radiative corrections.
The shape of the electron recoil spectrum produced by the scattering of 8 B solar neutrinos is decreased by about 4 % at the highest electron energies. This e ect should be included when analyzing future neutrino electron scattering experiments for the shape of the electron recoil energy spectrum.
If the shape of this spectrum can be measured accurately, the result will constitute a direct test of electroweak theory independent of solar models and will also constitute a way to discriminate among di erent proposed particle physics solutions that invoke physics beyond the standard electroweak model.
The analysis software for future experiments should take account of the fact that the photons produced by the radiative corrections (See the Appendix) are more strongly peaked in the forward direction than are the Cerenkov photons. In fact, the photons from radiative corrections will have an angular distribution similar to the well-known forward peaking of the electrons in neutrino-electron scattering (see for example 11]). The recoil energy of the electrons should be calculated primarily from the photons in the much wider Cerenkov cone (with appropriate corrections for incompleteness) in order not to confuse photons from the radiative corrections with photons from the Cerenkov light.
The shape of the electron recoil spectrum for incident p p and 7 Be neutrinos is not appreciably a ected by radiative corrections.
Radiative corrections will also a ect the shape of the electron recoil spectrum produced when neutrinos are captured by nuclei. The e ects analogous to those that we have calculated in this paper must, therefore, be evaluated for neutrinos captured by deuterium, the SNO experiment 5], and for neutrinos captured by argon, the ICARUS experiment 7]. 
APPENDIX A: RADIATIVE CORRECTIONS
We outline in this section the calculation of radiative corrections for neutrinoelectron scattering: `+ e ! `+ e (`= e; ). The basic result for e scattering is:
where m is the electron mass, T = E m is the kinetic energy of recoil of the electron, q is the incident neutrino energy, and z = T=q. We adopt G F = 1: 16639 10 NC and^ ( e;e) (T) from 1 re ect the e ect of the electroweak corrections. The T-dependence of^ comes from the diagrams shown in Fig. 7 .
The error in ( ;`) NC is mainly due to the lack of precise knowledge of m t and m H . We use a top-quark mass m t = 177 11 +18 19 GeV 19]. The 177 GeV central value is for m H = 300 GeV; the rst error is the experimental uncertainty while the second re ects the shifts in the central value corresponding to m H = 1 TeV, 60 GeV. The main error in^ ( e;e) (T) is of QCD origin and arises from diagrams such as that shown in Fig. 8 .
We used a recent update of these QCD e ects by Marciano 20]. 
Here ( ;`) NC is the same as before but^ is changed:
( ;e) (T) = 0:9970 0:00037 I(T) 0:0025 :
The di erence between^ ( ;e) (T) and^ ( e;e) (T) comes from the fact that the rst diagram in Fig. 7 is replaced by the diagram in Fig. 9 .
APPENDIX B: QED EFFECTS
The functions f (z), f + (z) and f + (z) describe QED e ects (virtual and real photons).
The functions f (z) and f + (z) have been evaluated in the extreme relativistic approximation (E.R.) in Ref. 21] . This means that in that paper the electron mass m has been set equal to zero in all contributions that remain nite as m ! 0. In practice, this means that the approximations m=E 1 and m=(E max E) 1, m=q 1 have been made. Exact expressions from which one can obtain f (z) and f + (z) are given in Ref. 22] . The formulae are long and complicated. They can only be used by numerically tabulating them.
One of the main features of these functions is that there is a term that diverges logarithmically at the end point. As a consequence, f (z) exhibits a sharp decrease (large negative values) near the end point. For q m, this is not important for the f + (z) contributions because they are multiplied by (1 z) 2 which is very small near the end point. If q m, z max 1 and the above suppression is not present.
It turns out that the coe cient of this logarithm is exactly known, because it is related to the infrared divergence. It is universal, that is it appears in f (z), f + (z) and f + (z) and is given by 
and the argument of the logarithm vanishes.
In order to obtain a relatively simple formula that can be applied approximately in the non-relativistic domain, the ER expression for f (z) Fig. 10 for neutrino energies of q = 0:1, 1, and 10 MeV.
In the E.R. approximation the formula for f (z) reduces to that of Sarantakos et al. The modi ed formula contains exactly the log that blows up at the end point. This has the advantage that the error in the formula remains bounded no matter how close one approaches the end point always assuming that we work to O( )]. If one gets so close to the end point that f (z) 1, perturbation theory breaks down and one has to consider multiple-photon emission. However, this is not a realistic possibility. The experimental resolution would have to be incredibly good before f (z)
1. The function f (z) has been constructed so that it vanishes at z = 0.
The overall corrections can become sizeable, especially for large q, but this occurs only near the end point. That is mainly due to the above-mentioned logarithm. For small q, the coe cient of that log, namely h È ln E+m 1 i , is small because` m and that factor vanishes as`! 0.
In order to check the accuracy of Eq. (B3), that expression has been compared Note: the exact function f (z) does not vanish at z = 0, but it gives a small correction there: ( = )f (0) = =2 = 0:12%. numerically with the corresponding result from Ref. 22], for q = 0:2 MeV, 1 MeV, 5 MeV, and 15 MeV, and several values of T. As expected, in the non-relativistic regime the relative error of Eq. (B3) is rather large. However, this occurs when the correction itself is quite small. As a consequence, in all the cases considered, the absolute value of the error remains small, typically 0:1%. For 5 MeV < q < 15 MeV, the absolute error reaches 0:4%, but this only occurs very near the end-point, where the correction itself is very sizable.
The corresponding modi cation of the ER expression for (1 z) 2 
This formula reduces in the E.R. limit to that of Sarantakos et al., is 0 at`= 0, contains correctly the logarithm discussed before and, for z ! 1, behaves as (1 z) 2 modulo logs, which is the correct behavior. The function f + (z) is plotted in Fig. 11 for neutrino energies of q = 0:1, 1, and 10 MeV.
The function f + (z) has not been calculated previously. The maximum value of mz=q in the last term of d =dT is 2m=(2q + m). So there is a suppression factor for q m. For q < m, there is no suppression from this factor. If q m, the electron is non-relativistic and the corrections are expected to be very small, except very close to the end point (because of the divergent logarithm). The largest contributions from f + (z) should occur when q m and one is close to the end point. For e e there is another suppression factor because jg R j is substantially smaller than jg L j. The approximation adopted here is to set f + (z) = " È ln E +m
This should take care of the largest e ects near the end point. Aside from this, the other contributions from f + (z) to d =dT should be small. The function f + (z) is plotted in Fig. 12 solid curve is the ratio|minus unity|of the probability distribution for e ( or ) scattering obtained using an updated value of sin 2^ W (m Z ) = 0:2317 and including radiative corrections to the probability distribution obtained using the less accurate value 0.23 with no radiative corrections. The plotted ratio gives the net change, less than 1% over essentially all of the allowed recoil-energy range, in the probability distribution that is obtained using the formulae and constants employed in this paper compared to the values that were obtained in refs. 11, 15] . The e ect of changing just sin 2^ W is shown in the dotted curves.
The dotted curves are the ratios|minus unity|of the probability distributions that are obtained using sin 2^ W = 0:2317 to the probability distributions obtained using the older value of sin 2^ W = 0:23. The dashed curves show the e ects of just including radiative corrections. The dashed curves are the ratios|minus unity|of the probability distributions obtained including radiative corrections to those obtained without radiative corrections.
The spectra are displayed up to T = 0:99T max . Fig. 1 but for the 7 Be neutrino line with an energy of 0.384 MeV. Fig. 1 for the pp neutrinos. Fig. 1 , except that the dotted curves are omitted, for the 8 B neutrinos . FIG. 5 . Recoil spectra for both electron and muon neutrinos from p p, 7 Be, 13 N, and 15 O neutrinos as a function of electron kinetic energy, T. The spectra are normalized such that the total probability is unity. The dotted curve is the recoil spectrum from 13 N neutrinos and the short-dash curve is that from 15 O neutrinos. The solid curve is the recoil spectrum from the 0.862-MeV 7 Be line, the dot-dash curve is that from the 0.384-MeV 7 Be line, and the long-dash curve is that from the p p neutrinos. 
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